Past research has documented that mean-variance portfolio selection techniques can involve a severe welfare loss in the presence of non-quadratic preferences and non-normally distributed asset returns [see, for example, Hong, Tu, and Zhou (2007) for a recent reference]. Under relatively weak assumptions regarding the shape of the utility function, Horvath and Scott (1980) and Kimball (1993) show that typical investors exhibit non trivial preferences with respect to portfolio higher-order moments, in addition to mean and variance. In particular, it has been shown that investors are willing to accept lower expected return and higher volatility compared to the meanvariance benchmark in exchange for higher skewness and lower kurtosis [see Harvey and Siddique (2000) , Dittmar (2002) , or Mitton and Vorkink (2007) ].
In the presence of non-normally distributed asset returns, optimal portfolio selection techniques require estimates for variance-covariance parameters, along with estimates for higher-order moments and comoments of the return distribution. The need to estimate coskewness and cokurtosis parameters severely increases, however, the dimensionality problem, already a serious concern in the context of covariance matrix estimation. For example, optimizing a portfolio having 20 stocks would require the estimation of 210 variance-covariance parameters, while it would require estimating 1,540 skewness-coskewness parameters and 8,855 kurtosis-cokurtosis parameters. 1 In this context, given the dramatic increase in dimensionality involved, one might wonder whether portfolio selection techniques that rely on higher-order moments can efficiently be implemented at all in realistic situations. This concern has been emphasized, for example, by Brandt, Santa-Clara, and Valkanov (2009) , who argue that "extending the traditional approach beyond first and second moments, when the investor's utility function is not quadratic, is practically impossible because it requires modeling [...] the numerous higher-order cross-moments." The authors propose an alternative approach that models the portfolio weights as functions of the assets' characteristics. Our paper attempts to show that implementing portfolio selection with higher-order moments can in fact be achieved through suitable extensions of various statistical techniques that have proven very useful in the context of covariance matrix estimation to the context of higher-order moments. Broadly speaking, these techniques consist of allowing for a significant decrease in the parameter space dimension. Indeed, in the mean-variance context, it has long been recognized that the sample covariance matrix of historical returns is likely to generate high sampling error in the presence of many assets, and several methods have been introduced to improve covariance parameter estimation. One solution is to impose some structure on the covariance matrix to reduce the number of parameters to be estimated. Such "structured" estimators of the variancecovariance matrix include notably the constant correlation estimation (Elton and Gruber, 1973) , the single factor estimation (Sharpe, 1963) and the multi-factor estimation (Chan, Karceski, and Lakonishok, 1999) . In these approaches, sampling error is reduced at the cost of specification error. Several authors have subsequently studied the optimal trade-off between sampling error and specification error in the context of optimal shrinkage theory. This includes optimal shrinkage towards the grand mean (Jorion, 1985 (Jorion, , 1986 , optimal shrinkage towards the single-factor model (Ledoit and Wolf, 2003) or optimal shrinkage towards the constant correlation estimate (Ledoit and Wolf, 2004) . Also related is a paper by Jagannathan and Ma (2003) , who argue that imposing no-short-sales constraints also involves a shrinkage effect and generates comparable results in terms of out-of-sample standard deviation.
While a variety of methods have been introduced to reduce the number of covariance parameters in a portfolio selection context, very little, if anything, is known about improved estimates for higher-order comoments of asset return distributions. Previous literature has mostly focused on asset pricing implications of non-trivial preferences for higher-order moments, including seminal contributions by Kraus and Litzenberger (1976) and Harvey and Siddique (2000) , who have reported empirical evidence of the presence of risk premia associated with higher-order moments of portfolio return distributions [see also Dittmar (2002) and Ang, Chen, and Xing (2006)]. Very few papers have in fact focused on the problem of improving higher-order moment estimates. Kim and White (2004) have introduced robust estimates for skewness and kurtosis parameters based on inter-quartile differences but they merely focus on univariate analyses, with no effort on improving higher-order comoments, which is obviously a ma jor concern for portfolio selection techniques. There is also a related paper by Harvey, Liechty, Liechty, and Müller (2004) , who introduce a semi-parametric approach to model skewness in the multivariate portfolio allocation process and address the problem of parameter uncertainty in a skew-normal framework. Finally, Jondeau and Rockinger (2003) and Patton (2004) have considered asset allocation models based on conditional models for higher-order moments of asset return distributions. Their analysis, however, focuses on a different key aspect in parameter estimation, namely the issue of time-varying conditional moments, as opposed to sample risk. This paper extends the existing literature on improved estimates for the variance-covariance matrix by introducing enhanced estimates for coskewness and cokurtosis parameters. More specifically, our contribution from a theoretical standpoint is to introduce suitable extensions to higherorder comoments of several estimators that have been found useful in improving covariance matrix estimates, namely the constant correlation estimator, the factor-based estimator, as well as statistical shrinkage estimators. The empirical performance of these estimators is subsequently assessed in the context of a empirical analysis similar to those conducted in Chan, Karceski, and Lakonishok (1999) and Jagannathan and Ma (2003) . We find that the use of these improved estimators leads to welfare gains that are comparable to what has been found in the context of portfolio construction techniques aiming at capturing the benefits of international diversification (Ang and Bekaert, 2002) or return predictability (Kandel and Stambaugh, 1996) . Additionally, we find that the use of these improved estimators significantly enhances the stability of the constructed portfolios; as a consequence, utility gains are even higher when transaction costs are accounted for. We also find that improved estimators greatly enhance the probability that higher-order moment portfolio selection dominates mean-variance analysis from an out-ofsample perspective even for small sample sizes.
The rest of the paper is organized as follows. In Section 1, we motivate the introduction of higher moments in optimal portfolio selection techniques. In Section 2, we extend to the third and fourth orders the constant correlation and factor-based approaches originally introduced to improve estimates of the variance-covariance matrix. We also extend Wolf (2003, 2004) by deriving explicit expressions for optimal shrinkage intensities for coskewness and cokurtosis matrices. In Section 3, we assess the empirical performance of these improved estimators. Finally, Section 4 concludes the paper. The Appendix provides the technical details.
Standard Risk Aversion and Higher-Order Moment Tensors
To assess the impact of higher-order moments of asset returns on portfolio selection techniques, we consider a standard expected utility maximization framework. For infinitely differentiable utility functions U, one can approximate the utility of terminal wealth through the following Taylor expansion:
(1) where W is a random variable representing investor's terminal wealth. Because preference theory does not reveal intuitive interpretations for additional polynomial terms [e.g., Kimball (1993) ; Dittmar (2002) ], one typically assumes that utility is well approximated by a fourth-order Taylor expansion:
(2) Applying the expectation operator to both sides of Equation (2), we can approximate expected utility as: (3) with μ (n) being the nth-order centered moment: (4) From (3), we see that expected utility derived from an investment in risky assets may be approximated by the derivatives of the utility function and the first four moments of the portfolio return distribution. Consistent with findings reported in Horvath and Scott (1980) , investors are assumed to have preferences for higher odd and lower even moments. Hence, the portfolio choice is no longer a trade-off between expected return and volatility, and optimal portfolios can be regarded as tangency points in a 4-dimensional space, incorporating expected return, second, third, and fourth centered moments of asset returns. As a result, the moments of portfolio returns in (2) are a function of portfolio weights, as well as first, second, third, and fourth-order moments and comoments of individual asset return distributions. In order to make this relationship explicit, we introduce so-called higher-order moment tensors (Jondeau and Rockinger, 2003) for the set of individual assets under consideration. The second moment tensor M 2 is the standard variancecovariance matrix. As far as the higherorder moment tensors M 3 and M 4 are concerned, we adopt the notation from Harvey, Liechty, Liechty, and Müller (2004) and Jondeau and Rockinger (2006) and stack the sub-comoment matrices column-wise. We define: (5) where R s denotes the return on asset s.
For the sake of illustration, we write the higher-order moment tensors expressions for N = 3 assets:
with (7) This notation allows us to remain in the matrix space when analyzing high dimensional tensors. Note that S p and K pq are N × N matrices. Using the Kronecker product, we obtain: Finally, it can easily be shown that the portfolio moments in (2) are polynomial functions in the portfolio weight vector, parameterized by the corresponding higher-order moment tensors:
with ω, the N ×1 vector containing the portfolio weights corresponding to the N available assets.
Assuming that the wealth W in (2) is entirely determined by the portfolio outcome and taking the initial wealth as a numeraire, we can rewrite the investor's optimization problem as a function of asset return moment tensors and the vector of portfolio weights:
where μ denotes the N×1 vector of mean gross asset returns. In contrast to bivariate asset pricing models, where only marginal co-movements with the market are of interest [e.g., Dittmar (2002) and Ang, Chen, and Xing (2006) ], portfolio allocation models involves all possible permutations in the comoment space.
Estimators for Higher-Order Moment Tensors
The number of parameters involved when higher-order moments are taken into account increases exponentially with the number of risky assets in the portfolio. Given the total numbers of parameters to estimate, the higher-order moment tensor matrices will be rank-deficient even for relatively small portfolios. For 20 assets, for instance, one would need 45 years of monthly data so as to ensure that the number of observations exceeds the maximal possible rank of the corresponding moment tensors. 2 Following the literature on improved estimates for the variancecovariance matrix, we next impose some structure on the higherorder moment tensor matrices so as to reduce the number of parameters involved.
Constant correlation estimator
The constant correlation estimator was proposed by Elton and Gruber (1973) as a response to the statistical challenge related to estimating covariance matrices for portfolios involving a large number of assets. In a nutshell, Elton and Gruber (1973) argue that imposing the assumption of a constant correlation across assets, while obviously involving significant specification error, leads to improved out-of-sample portfolio performance. An unbiased estimator for the constant correlation parameter is given by the average over all sample correlation parameters:
where s denotes sample variances and covariances. Following this approach, the covariance (σ ij ) parameters can be estimated as a function of the constant correlation parameter and the asset volatility parameters , thus allowing for a dramatic reduction in the number of parameters. Following the pioneering work by Elton and Gruber (1973) , empirical research has assessed the out-of-sample properties of portfolios constructed employing the constant correlation estimator. In particular, Chan, Karceski, and Lakonishok (1999), Jagannathan and Ma (2003) and Ledoit and Wolf (2003) , among others, have shown that the realized volatility for minimum variance 2 -Indeed, as shown in Table 1 , the total number of required parameters is 10,605 in this case, calling for 45 years of monthly data for the 20 assets so as to ensure that the number of observations (N × T × 12) merely exceeds the number of parameters. with portfolios constructed with the sample estimator of the covariance matrix significantly exceeded the realized volatility of portfolios constructed with the constant correlation estimator.
We now derive the counterparts of correlation coefficients for higher-order comoments and extend the concept of a constant correlation to the context of higher-order moment tensors. We include all possible combinations of higher-order comoments according to the definition of the matrices M 3 and M 4 as in (5). Denoting as the centered version of the variable of X, we have:
where denotes centered returns, that is, =R−μ.
According to several permutations in (12), we introduce the following extended correlation coefficients, where r (1) is the standard correlation coefficient:
The Cauchy-Schwarz inequality ensures that the seven extended correlation coefficients are bounded:
Consistent with Elton and Gruber (1973) , we assume that the parameters r (1) −r (7) are constant across the assets. In other words, we use the following estimators, corresponding to sample average correlations across assets:
where it denotes the centered return of asset i at time t. m i (n) is the n-th centered sample moment of asset i given by:
Replacing individual sample correlations by those seven constant coefficients allows us to determine all the elements in M 2 , M 3 , and M 4 by simply using sample estimates for the first, second, third, fourth, and sixth central moments:
This approach allows us to substantially reduce the number of parameters compared to the sample estimators (Table 1) .
Single-factor estimator
The second improved estimator of the variance-covariance matrix goes back to Sharpe (1963) , who introduces a single factor linear model for n individual asset returns:
where ε i is the idiosyncratic error term of asset i, and the factor F is taken to be a broadbased index. The regression residuals are assumed to be homoscedastic and cross-sectionally uncorrelated:
According to the assumptions, all off-diagonal elements in Ψ are zero. The idiosyncratic risks of the assets (residual variances) are reflected by the elements on the diagonal of Ψ. Then, the variance-covariance matrix of the asset universe can be written as: (20) where β indicates the N×1 vector of the regression coefficients in (18) and μ 0 (2) the second centered moment, that is the variance, of the single factor. Next, we derive the corresponding single-factor estimators for the moment tensors M 3 and M 4 . 3 We substitute (18) in (8) to obtain:
where is the T ×1 vector of centered market returns . We finally obtain the following decompositions:
In order to explicitly assess the values in Ψ, Φ, and ϒ, and , and consistent with the spirit of the factor model approach, we assume that all cross-sectional residuals ε i and ε j (i ≠ j) are independent. 4 Additionally, due to the fundamental properties of the least-squares regression technique, we also have that the factor return process is independent from the residual return process.
The structure of the N×N covariance matrix Ψ of residual returns is well-known to be: (24) The structure of the N×N 2 specific return coskewness matrix Φ is similar:
On the superdiagonal, we find the expressions for idiosyncratic skewnesses proxied by the third-order sample moment of the residuals. For all other index permutations, that is, for all off-superdiagonal elements, either the single factor F or the residual term ε or both enter the product obtained by (21) with the power of one and thus with expectation zero. The independence assumption then explains why all off-superdiagonal elements are zero.
Obtaining the entries of the N×N 3 matrix follows as: (26) On the superdiagonal, we have the idiosyncratic kurtosises proxied by the fourth-order sample moment of the residuals. As far as off-superdiagonal elements are concerned, the only elements in (22) that are not zero are those where neither the single factor F nor the residuals term ε enter to the power of one. The results in (26) are easy to verify by developing the elements from (22). For the permutation case iiij, for instance, we obtain: (27) 9 4 -Note that for non-Gaussian variables, the assumption of independence is stronger than absence of correlation.
with a sample estimate defined as with a sample estimate defined as with a sample estimate defined as This last line follows from the fact that all other elements host either or E(ε i ) or E(ε j ), which are all zero, and all terms containing these elements are also zero due to the independence assumption. Note further, that the term is an element of the matrix in (23), and thus does not enter the ϒ matrix.
Finally, we report the number of parameters that enter the estimation process of the higherorder moment tensors according to the different estimation approaches in Table 1 . The substantial reduction in dimensionality for structured estimators comes at the cost of specification error, related to the imposed structure that all cross-sectional residuals are independent (factor approach) or that joint distributions are driven by a constant higher-order correlation parameter (constant correlation approach). The number of required parameters for each tensor and each estimation method is reported. N denotes the number of assets in the portfolio. The constant correlation estimator requires a total of 4N+7 parameters corresponding to the second, third, fourth, and sixth moments of each asset and the seven constant correlation coefficients. The single factor approach involves 4N+3 parameters, namely the second, third, and fourth moments of each assets, the beta exposure of each asset with the common factor and the second, third, and fourth moments of the common factor. The numbers for the sample estimator stem from the binomial coefficient that gives the number of multi-sets of length k on N elements (e.g., k=2 for M 2 ). The total number is than obtained as As can be seen from Table 1 , the number of parameters increases exponentially in the number of assets for the sample estimator while the number of parameters is close to proportional to the number of assets for both structured estimators.
Shrinkage estimators for higher-order moment matrices
In the previous sub-sections, we introduced structured estimators for the higher-order moment matrices in an attempt to reduce the number of required parameter estimates compared to the sample estimator. On the one hand, these estimators involve lower estimation risk due to the imposed structure. On the other hand, they involve some misspecification inherent in the artificial structure imposed either by the constant correlation or single-factor model. In an attempt to find the optimal trade-off between sample risk and specification error, Ledoit and Wolf (2003) introduced in the context of the covariance matrix the asymptotically optimal linear combination of the sample estimator and a structured estimator (constant correlation or single factor), with the weight assigned to the latter being known as optimal shrinkage intensity. In this section, we extend this approach to higher-order moment tensor matrices.
In the context of the covariance matrix, Ledoit and Wolf (2003) define the posterior misspecification function L of the combined estimator as: (28) with Ω the true (unobservable) covariance matrix, S the sample estimator, Ω the shrinkage target, that is, a structured estimator for Ω (constant correlation or single-factor estimator).
Additionally, denotes the Frobenius norm of a matrix, defined as the square root of the sum of its squared entries. Minimizing the expected value of this function yields the optimal linear combination of the two estimators as parameterized by the shrinkage intensity α. Ledoit and Wolf (2003) derive an asymptotic estimator for this quantity as: (29) with (30) where N denotes the number of rows and K the number of columns of Ω respectively. The authors further show that π ij represents the asymptotic variance of the sample estimator, with a consistent estimator given by: (31) where 5 Similarly, the ρ ij parameters represent the asymptotic covariances between the sample and the structured estimator. Wolf (2003, 2004) derive explicit formulas for consistent estimators of ρ ij (b ij) parameters when Ω is the covariance matrix and the single factor or the constant correlation estimator respectively (see below). Finally, γ ij denotes the squared error of the structured estimator, with a consistent estimator given in Wolf (2003, 2004) .
As far as higher-order moment tensors are concerned, we can directly obtain consistent estimators for the asymptotic variances of the sample estimator (π) and the misspecification of the structured estimator (γ). Indeed, since the Frobenius norm is not restricted to squared matrices, we obtain in our setting: (32) and (33) where m i denotes the sample mean of asset i and are the sample estimates for the corresponding tensor entries, while are structured estimates for the latter either using the constant correlation or the single factor approach.
The critical aspect is then to find consistent estimators for the asymptotic correlations between the structured and sample estimators (ρ). For this purpose, we use the so-called delta-method, one of the corollaries of the central limit theorem [e.g., Greene (2003, p. 913)] : (34) where is an unbiased estimator for the unknown N ×1 parameter vector θ with finite asymptotic covariance matrix ∑, and the function g is a real function with and ∇ rg its Jacobian matrix with respect to θ. Accordingly, we need to define suitable functional transformations g and parameter vectors θ in order to obtain explicit expressions for the asymptotic covariances (ρ) of the estimators. We denote as the asymptotic covariance between the constant correlation estimate and the sample estimate of the covariance between i and j (σ ij ). In the same line, denotes the asymptotic covariance between the single factor estimate and the sample estimate for σ ij . The sample estimate of σ ij is denoted by (s ij ) and the sample estimate for μ i (k) by m i (k) .
Obviously, and are identical and equal to π ii . Next, we have in a straightforward manner: (35) where s ij denotes the sample covariance of assets i and j and lower index 0 indicates the single factor. We apply the delta-method and customize the vector θ and the function g in order to decompose the asymptotic covariances in (35) and (35): (36) and (37) We further note that: and Next we derive the Jacobian matrix of g CC and g SF and use (34) to obtain: (38) where and are the off-diagonal elements of the 2×2 matrices and , respectively. Referring to Ledoit and Wolf (2003) , we introduce consistent estimators for the asymptotic covariances in (38): (39) This method can be extended to the context of higher-order moment tensor matrices by choosing the function g and the parameter vector θ in (34) appropriately. In what follows, we explain how to use this approach for the third moment tensor, and refer to the Appendix for more details on how to apply the procedure for the fourth moment tensor.
First, note that the are trivially given by by . As far as the constant correlation approach is concerned, the extension using the delta-method is straightforward. As in (36) for the covariance matrix, we customize the parameter vector θ and the transformation function g consistently with the higher-order extension of the constant correlation coefficients defined in (17). Following (17), we distinguish two different index combinations for the third-order moment matrix.
Using the delta-method, we find the asymptotic covariances between the constant correlation estimates and the sample estimates for the third-order moment tensor matrix entries as the offdiagonal elements of the 2×2 matrix (cf. 34):
As in equation (39), consistent estimators for the above asymptotic covariance terms are given by:
As far as the single factor approach is concerned, the comoment elements in Ψ and Φ are by construction asymptotically uncorrelated with s ijk . On the other hand, the situation is less straightforward for the elements of ϒ [see Equations (24)- (26)]. As for the constant correlation approach, we explain how to proceed for the third moment matrix, and refer the reader to the Appendix for details concerning the fourth moment matrix. First, we can derive similar results to (38) for the asymptotic covariance between the single factor estimate of the third-order moment matrix and the corresponding sample estimate. We set:
(42) and obtain: (43) All asymptotic covariances in (43) are, similarly to (39), consistently estimated by: (44) where: (45) As evidenced by (26), and explained in the Appendix, the situation is far more complex for the fourth-order moment matrix estimator, where we need to distinguish four cases according to the index permutations of .
Finally, as in (30), we sum up over all permutations and obtain the asymptotically optimal linear combination of the constant correlation (single factor) estimate and the sample estimate for M 2 , M 3 , and M 4 . In terms of optimal shrinkage intensities (cf. (29)), we obtain:
Consequently, we can define six shrinkage estimators, that is, for each moment tensor (M 2 , M 3 , and M 4 ), one estimator shrunk towards the constant correlation estimate and one estimator shrunk towards the single factor estimate.
Methodology
For our empirical testing of the out-of-sample performance of the improved estimators for higherorder moments and comoments, we mostly follow the empirical methodology adopted by Chan, Karceski, and Lakonishok (1999) and Jagannathan and Ma (2003) .
Our methodology deviates, however, from the aforementioned papers on two important dimensions. First, instead of considering a single out-of-sample portfolio based on a randomly chosen basket of stocks, we extracted 100 randomly chosen baskets of stocks from the CRSP data-base. Secondly, for each portfolio, we hold constant the universe of stocks as opposed to re-sampling every year (Jagannathan and Ma, 2003) . This procedure allows us to measure the stability of each of the constructed portfolios, a key indicator of the estimation quality of the underlying estimators that would not be available when the menu of underlying stocks changes through time. Also, and perhaps more importantly, our methodology enables us to perform an ex-post in-sample estimation analysis that can serve as a useful comparison benchmark. On the other hand, this selection constraint involves the introduction of some survivorship bias, the impact of which will be the subject of a dedicated robustness check analysis (see Section 4.1).
We collect monthly returns on common stocks listed on the NYSE and NYSE Amex Equities (formerly known as the AMEX) stock exchanges, with a sample period ranging from May 1968 through April 2006, and apply the same normalizations regarding penny stocks and market capitalization. In fact, we exclude small stocks from the sample, that is stocks with a market capitalization less than the 20% percentile of market capitalization, and penny stocks characterized by listed prices smaller than $5. 6 We thus obtain valid return series for 255 stocks from the CRSP data-base. At the end of April each year, the various competing estimators for higher-order moment matrices M 2 , M 3 , and M 4 are obtained based on the previous 60 months of sample observations. As in Chan, Karceski, and Lakonishok (1999) or Jagannathan and Ma (2003), the optimized portfolios are then held throughout the subsequent 12 months until a new allocation decision takes place. As a result, we eventually obtain 33 years of monthly out-of-sample data. 7
The introduction of randomly selected baskets of stocks allows us to report the distribution of the various statistical indicators across the 100 portfolios. The goal here is to alleviate the concern over results that might be driven by a specific outcome of the stock selection process at a given point in time. Next, holding constant the sub-universe of stocks for each portfolio across time 15 allows us to measure the stability of each constructed portfolios, a key indicator of the estimation quality of the underlying estimators. Again, this would not be possible when the menu of assets changes through time.
Obviously, true moments and comoments parameter population values are unknown. However, we may proxy them with in-sample estimates obtained over the entire sample covering the period from May 1968 through April 2006, using the property that the sample estimator converges towards the true long-term parameter value for which it is a consistent estimator. 8 As a first set of results, we thus focus on estimation errors for the competing estimators of higher-order moment matrices, using ex post in-sample estimates as imperfect proxies for the true parameter values. Our measure of estimation error is based on the Frobenius norm of the differences between an estimated comoment matrix and its corresponding benchmark. For each of the 100 portfolios and for each comoment matrix, we obtain 33 of such estimation error measures, one for each rebalancing step at the end of April each year starting in 1973. We then average these values across time for each portfolio and each estimator and report the distribution of this average estimation error in Table 2 . First, we note that estimation errors concerning the variance-covariance matrix M 2 are in line with previous findings in Chan, Karceski, and Lakonishok (1999) . Indeed, the sample estimator yields the greatest deviations from the long-term in-sample parameter values and is clearly dominated by structured estimators. The reduction in estimation error amounts to roughly 9% for the constant correlation estimator and 7% for the single factor estimator, respectively. Secondly, we observe that shrinkage estimators lead to slightly higher gains in estimation quality, which is also consistent with findings from existing literature.
As far as higher-order moment tensors are concerned, we find that both structured estimators and their shrinkage counterparts also reduce estimation errors. A second result we obtain is that the single-factor approach substantially outperforms the constant correlation approach. Finally, our results strongly suggest that the benefits of structured and shrinkage estimators in terms of estimation quality are more pronounced in the case of coskewness estimates (M 3 ). On average, the constant correlation (single-factor) approach leads to reductions in estimating errors that reach as much as 29% (37%) for the third moment tensor, while cokurtosis estimates (M 4 ) display relative average benefits of 6% (28%). Table 3 reports average optimal shrinkage intensities for the various approaches. The results are highly consistent with the conclusions drawn from the estimation quality measures. In fact, due to the presence of an extremely high estimation risk for M 3 , optimal shrinkage intensities tend to be very high (above 97% on average). On the other hand, shrinkage intensities for the fourth moment tensor are comparable to those of the covariance matrix and only slightly higher for the single factor approach, which may be explained by its superior estimation quality reported in Table  2 . We now turn to the portfolio construction analysis. It has long been recognized that the sample mean is a poor estimator for the true population mean [e.g., Jorion (1986)], with the consequence that in a mean-variance portfolio choice for instance, global minimum variance portfolios often achieve higher out-of-sample Sharpe ratios than tangency portfolios that require expected return estimates [e.g., Brandt (2005, p.34) ]. Hence, we follow Chan, Karceski, and Lakonishok (1999) and Jagannathan and Ma (2003) , who focus on minimum variance portfolio, and generate global minimum risk portfolios, here represented by tangency portfolios in a 3-dimensional risk space. To do so, we have simply neutralized the impact of the expected return parameter by assuming μ=0 (or some other constant value) for all assets. We find optimal allocations by assuming CRRA preferences in the objective function (10), which then can be written as:
The relative risk aversion coefficient γ, which defines the risk-trade-off between variance, skewness, and kurtosis, is taken equal to 10 in our base case, and we also try γ=1, γ=5, and γ=15 in subsequent comparative static analyses.
In order to analyze the out-of-sample performance of the constructed portfolios, we compare certainty equivalents for an investment in the various competing portfolios. We follow Ang and Bekaert (2002) and define the economic loss of investing in the portfolio built from sample estimates as the monetary payment the investor requires to be indifferent between sticking to this portfolio and switching to a portfolio based upon structured or shrinkage estimates. Accordingly, we solve the following equation for :
where index i signals the use of a structured or a shrinkage estimator approach and index 0 the use of the sample estimator approach, respectively. The annual required payment [monetary utility gain (MUG)] is then given as . Note that this measure is closely related to the difference in certainty equivalents used in Kandel and Stambaugh (1996) , Campbell and Viceira (1999) , and Hong, Tu, and Zhou (2007) . 9 Certainty equivalents and monetary utility gains are reminiscent of the realized standard deviation comparison reported in Chan, Karceski, and Lakonishok (1999), Ledoit and Wolf (2003) , and Jagannathan and Ma (2003), where preferences for higher-order moments are not taken into account.
Empirical Results
In the base case, we take the risk aversion parameter to be equal to γ=10 and we assume a 60-month rolling calibration period. Table 4 reports average annualized MUG for different portfolio sizes. At the end of April of each year, optimal portfolio weights are obtained for a CRRA investor with risk aversion parameter γ=10 according to higher-order moment tensor estimates based on the prior 60 months. These weights are then applied to form portfolios that are held until the next estimation (end of April of next year). The MUG is defined as the annual payment that an investor requires in order to be indifferent between a portfolio based upon the sample estimator and a portfolio based upon the corresponding structured or a shrinkage estimator. The results strongly suggest that portfolio construction incorporating higher-order moments generates substantial differences in out-of-sample returns depending on the chosen estimator. Indeed, for instance for N = 20, the estimated monetary utility gain for a CRRA investor ranges from 2.86% to 4.32% per annum when using structured instead of sample estimators. The use of shrinkage estimators leads to a slight increase in the monetary utility gains reaching from 3.56% to 4.41%. These numbers are highly economically significant. For instance, in a comparable study, and for same levels of risk aversion and investment horizon, Ang and Bekaert (2002) report economic losses between 0.12% and 1.26% when the regimeswitching nature of parameters is ignored.
The data in Table 4 further indicate that the benefits from building portfolios based on structured estimators increase with the number of assets in the portfolio. This is consistent with the argument that estimation risk increases with the number of parameters to estimate. Moreover, the results suggest that economic significance as measured by monetary utility increases proportionally to the number of parameters to estimate, which is more than proportionally to portfolio size. While the MUG ranges from 1.06% to 1.66% for N =10, it reaches values between 2.86% and 4.41% per year in the base case setting with N =20 stocks per portfolio or 5.35% to 8.03% for N = 30. Interestingly, as the portfolio size increases, structured and shrinkage estimators come closer to benchmark maximal monetary utility gains obtained from ex-post in-sample estimates. This can be regarded as a direct consequence of the linear increase in the number of parameters as compared to the exponential increase for sample estimators (see Table 1 ). Table 5 displays several indicators related to the obtained optimal weights for the base case portfolio size N = 20. All statistics refer to average numbers across time (the weights are re-balanced at the end of April of each year). As evidenced by the results reported in Panels A and B, portfolios based on the sample estimator generate a significantly higher amount of short positions and lead to fewer positively weighted assets compared to portfolios constructed using structured or shrinkage estimators. On average, the short interest induced by sample estimators is as high as 54.62%, while the average short interest for structured and shrinkage estimators ranges between 18.18% and 21.86%. The use of sample estimators also leads to more extreme allocations, as is evidenced by the numbers in Panels C and D in Table 5 . Indeed, differences between minimum and maximum weights are more pronounced for portfolios based on sample estimators compared to portfolios based on structured or shrinkage estimators. Panel A in Table 6 reports the distribution of average turnovers for the competing estimators, again for portfolios of size N = 20. The results confirm the intuition that portfolios using sample estimates exhibit a higher deviation in the weight vector compared to portfolios using the competing estimators. On average, sample estimate portfolios require between 27% and 38% additional turnover compared to portfolios based on structured and shrinkage estimator portfolios. At the end of April of each year, optimal portfolio weights are obtained for a CRRA investor with risk aversion parameter γ = 10 according to higher-order moment tensor estimates based on the prior 60 months. Each portfolio contains 20 assets drawn from eligible stocks listed on the NYSE and the NYSE Amex Equities stock exchanges. Realized turnover is the across-timeaverage of the sum of absolute deviations induced by a re-balancing at the end of April of each year. Required turnover refers to the turnover that would be necessary in order to switch to the optimal portfolio determined by the estimations of the higher-order moment tensors using the full sample.
The realized turnover measure is a clear indicator for the ex-post quality of the allocation decision. Differences among structured and shrinkage estimators are relatively small, suggesting that imposing some structure helps regardless of which particular kind of structure is imposed, a point emphasized in Jagannathan and Ma (2003) . It should be noted at this stage that turnover can be induced not only by estimation error, in which case it is not desirable, but also by time-varying return distributions that would naturally result in volatile optimal portfolio weights. Disentangling the two effects is not straightforward, however, and we simply assume here that at least a part of the turnover rates does reflect estimation error. 10 Panel B in Table 6 reports the average annual turnover induced by transactions theoretically needed to switch to the optimal portfolio determined by the full sample ex-post estimates for higher-order moment tensors. From these results, we confirm that portfolios employing structured or shrinkage estimators are closer to the optimal portfolio than those using sample estimators. This required turnover can be seen as an (in)efficiency measure in the 3-dimensional risk space of variance, skewness, and kurtosis.
Robustness checks
In this Section, we attempt to assess the sensitivity of the above results with respect to various changes in the experimental setting and/or parameter values.
In Table 7 , we analyze the impact of changes in the risk-aversion level. We find that increasing risk-aversion leads to increased benefits from using improved estimators of higher-order moment matrices, which is consistent with the fact that more weight is given to higher-order moments in the expected utility approximation as risk-aversion increases. Methodology is as in the base case (see Table 4 ) and the case of N=20 assets per portfolio is considered for different risk aversions than in the base case (γ=10). Table 8 analyzes the impact of shorter sample window sizes and the introduction of transaction costs on monetary utility gains. As far as the window size is concerned (Panel A), the results confirm the intuition that smaller estimation windows lead to increases in estimation risk, which makes the use of structured and shrinkage estimators even more attractive. The magnitude of the window size effect is remarkable: average annual MUG for 36-month rolling window estimations range between 9.77% and 11.34%. This window size effect is consistent with the cutoff point analysis in Jagannathan and Ma (2003), who estimate the window size or number of observations from which structured estimators are out-performed by the corresponding sample estimators. Methodology is as in the base case (see Table 4 ) and several independent robustness tests are conducted with respect to the base case. While Panel A considers a shorter in-sample period of 36 months, Panel B introduces transaction costs of 100 basis points per round-trip. Each portfolio contains 20 assets drawn from eligible stocks listed on the NYSE and the NYSE Amex Equities stock exchanges and CARA utility with risk aversion parameter γ=10 is applied to obtain optimal portfolios.
We also relax the hypothesis of no transaction costs and analyze the impact of such frictions on the final wealth across competing estimators (Panel B of Table 8 ). We assume a total cost (including commissions, quoted and effective spreads) of 100 basis points per transaction, a value that is consistent with the findings in Battalio, Ellul, and Jennings (2007) and the parameters used in Jang, Koo, Liu, and Loewenstein (2007) . The results suggest that, as expected, structured and shrinkage estimators benefit from the introduction of transaction costs when compared to sample estimators. This is directly related to the observed gain in allocation stability and the fact that improved estimators lead to less extreme allocations. Taking transaction costs into account enhances the utility gains for the constant correlation (single factor) estimator by 57 (70) basis points for structured estimators and 66 (75) basis points for shrinkage estimators.
We next turn to an analysis of the potential impact of survivorship bias induced by the restricted selection of stocks available over the entire sample period. In fact, while previous literature has widely documented that the survivorship bias has a significant impact on expected returns estimates [e.g., Brown, Goetzmann, Ibbotson, and Ross (1992) ], little is known on the impact, if any, of survivorship bias on higher-order risk parameter estimates. To address this question, we relax the afore-mentioned constraint and follow the exact methodology employed in Jagannathan and Ma (2003) . In other words, we re-balance the basket of stocks every year, which leaves us with a number of eligible assets ranging from 1,000 to 1,200 for the various dates. To be consistent with the previous results, however, we still look at 100 different baskets for each year. Table 9 reports the distribution of shrinkage intensities and monetary utility gains obtained across the 100 portfolios. The table presents monetary utility gains (Panel A) and shrinkage intensities (Panels B and C) when relaxing the constraint that only assets that have valid returns over the whole sample period (May 1968 through April 2006 are eligible for inclusion in the 100 baskets. In other words, we follow the methodology in Jagannathan and Ma (2003) and redraw the baskets of assets every year from the set of assets that have valid returns forthe past 60 and the subsequent 12 months. The rest of the methodology is as in the base case (see Table 4 ).
Panel A of Table 9 suggests that monetary utility gains do not substantially differ from the base case methodology, where the asset universe in each basket remains constant over the whole sample period. In fact, MUGs slightly increase for the portfolios based on the singlefactor estimator, while they slightly decrease for portfolios based on the constant correlation estimator. On the other hand, we find that shrinkage intensities increase with respect to the base case results. This last finding might indicate that estimation risk increases when the asset universe is unrestricted. Overall, however, the observed differences with respect to our base case methodology are not substantial.
Comparison with mean-variance analysis
The previous analysis has unambiguously shown that an investor who focuses on maximizing expected utility of terminal wealth based on a fourth order approximation of the utility function would benefit from employing improved estimates, as opposed to naïve sample estimates, for higher-order comoments of asset returns. On the other hand, an outstanding question that remains unanswered by the previous analysis is whether using a fourth-order approximation of the utility function always leads to a better portfolio compared to using a second-order approximation. In fact, while it must be the case that using a fourth-order approximation of the utility function generates better results compared to using a second-order approximation from an ex post perspective (i.e., after removing all uncertainty regarding parameter estimates), it is not necessarily the case that the same holds true ex ante, especially for small sample sizes, because of the presence of a significantly greater estimation risk in the former situation compared to the latter situation.
To analyze this question, we have estimated the monetary utility gains (MUGs) (or monetary utility losses when negative) implied by moving away from mean-variance analysis based on naïve sample estimates, and using instead a fourth-order approximation (based either on sample or improved estimates). These results can be found in Panel A of Table 10 . The table assesses the marginalMUGs of using improved estimates for higher-order comoment parameters. Panel A presents MUGs with respect to the sample minimum variance portfolios. Panel B presents marginal MUGs with respect to a situation where structure is imposed solely on M2 and sample estimates are used for both M3 and M4. The rest of the methodology is as in the base case (see Table 4 ).
These results first confirm that mean-variance analysis in fact dominates portfolio selection with higher-order moments if one uses naïve sample estimates. This can be seen in the first line of Panel A of Table 10 , which indicates that implementing a fourth-order approximation but relying on sample estimates leads to an average MUG of -0.23% as compared to using mean-variance analysis also based on sample estimates. Overall, this result confirms that one should prefer using mean-variance analysis even in the presence of non-Gaussian returns if one is not prepared to use improved risk parameter estimates. On the other hand, the results in Panel A also suggest that using improved parameter estimates would allow an investor who uses a fourth-order approximation of the utility function to dominate a mean-variance investor using sample estimates of the covariance matrix, with average monetary utility gains ranging from 2.61% to 4.16%.
In this context, one would next like to know what is the marginal contribution of improving M 3 and M 4 with respect to solely imposing structure on M 2 . In order to answer this question, we consider in Panel B of Table 10 a benchmark investor who uses the fourthorder approximation of the utility function, imposes structure on M 2 (constant correlation or single factor, respectively), but relies on na¨ıve sample estimates for M 3 and M 4 , and we present the MUGs that arise from additionally improving M 3 and M 4 parameter estimates as well. The results in Panel B show on the one hand that the marginal contribution of improving coskewness and cokurtosis parameter estimates is positive on average, but on the other hand that these marginal improvements are relatively small compared to the overall benefits reported in Panel A.
This last result suggests that the benefits obtained from using improved estimators for higher-order moment matrices are small compared to the benefits obtained from improving the estimate of the covariance matrix only. It also raises the question whether the better performance of improved estimators with respect to sample estimates for third-order and fourth-order comoment matrices justifies in itself the use of a fourth-order approximation, or whether one would instead be better off focusing on minimum variance portfolios and solely benefiting from improved estimators of the covariance matrix. To answer this question, we present in Table 11 the annualized MUGs obtained from using a fourth-order approximation instead of using a second-order approximation (minimum variance criterion) of the expected utility function. Each row of Table 11 corresponds to a situation where all three moment tensors are estimated with the same estimation methodology (sample estimates or improved estimates) and we provide in each case an estimate of the monetary utility gain (or loss) resulting from using a fourth-order as opposed to a second-order approximation. The table presents MUGs from using a fourth-order approximation instead of using a secondorder approximation (minimum variance criterion) of the expected utility function [see Equation (48)]. Each line corresponds to a situation where all 3 moment tensors are estimated with the same estimation methodology (sample estimates or improved estimates) and we provide in each case an estimate of the monetary utility gain (or loss) resulting from using a fourth-order as opposed to a second-order approximation. Different return frequencies are used and annualized MUGs are reported. The rest of the methodology is as in the base case (see Table 4 ).
As can be seen from these results, for monthly returns (Panel A of Table 11 ), all estimators lead to monetary utility losses when implementing the fourth-order approximation instead of the second-order (minimum variance) objective function. However, when using improved estimators, the underperformance (measured in terms of MUG) of the fourth-order approximation is smaller than when the sample estimator is used for both cases. Indeed, the monetary utility losses from using the fourth-order approximation instead of the second-order one range from 0.07% to 0.12% when using improved estimators (for both, the second-and the fourth-order approximations) while these losses amount to 0.23% in the case of sample estimators.
In an attempt to analyze the conditions under which a fourth-order approximation would dominate a second-order approximation, we have subsequently used different return frequencies such as weekly and daily returns in addition to monthly returns. We find that the situation changes dramatically when increasing the data frequency. For daily returns (Panel C of Table 11 ) all estimators lead to superior portfolios when using the fourth-order approximation compared to the second-order approximation. On the other hand, for weekly returns (Panel B of Table  11 ), the fourth-order approximation interestingly deteriorates the investor's welfare when sample estimates are used, but increases the investor's welfare when structured or shrinkage estimators are used.
The interpretation for these results is relatively straightforward. Increasing sample size (through increasing the return frequency) favors the use of a fourth-order approximation as opposed to the second-order approximation. Indeed, the second-order approximation can be interpreted as an approach that uses highly structured estimators for M3 and M4, setting them to zero (or to trivial constants). This approach, which implies significant specification error in case asset returns are not normally distributed, involves lower estimation risk and dominates any attempt to estimate the higher-order comoments for small sample sizes, even using improved estimators. When increasing the data frequency (which leads to increasing the number of observations for a constant rolling window size), sample risk embedded in any non-trivial higher-order risk parameter estimates decreases up to the point where the improvement in the utility function higher-order approximation eventually pays off. The results in Table 11 indicate that the sample size needed for this to happen is smaller for improved estimators (corresponding to the use of weekly data), as compared to sample estimators (corresponding to the use of daily data). 11 It should be noted that changing the sampling frequency not only changes the number of observations (for a fixed window of time) but may also change the distribution of returns. Given that daily returns are notoriously exhibiting stronger deviations from normality compared to weekly and monthly returns, it might be that increasing the sampling frequency not only favors the higher-order approximation because more observations are available to estimate higher-order comoments, but also because the resulting return distribution shows a stronger departure from the Gaussian distribution. 12
Conclusion
This paper introduces improved estimators for higher-order moments and comoments of asset returns, and discusses the implications in terms of optimal asset allocation decisions. In particular, we extend to coskewness and cokurtosis tensor matrices the constant correlation approach (Elton and Gruber, 1973) and the single-factor approach (Sharpe, 1963) originally introduced for the covariance matrix. We further extend the concept of optimal shrinkage intensities to the presence of higher-order moments, that is, we define asymptotically optimal linear combinations of structured and sample estimators.
We find that improved estimates strongly reduce the estimation error as measured by the mean squared error of the corresponding comoments. The reduction is particularly significant for the skewness-coskewness matrix, a result in line with the intuition that estimators for odd moments are more noisy than estimators for even moments of asset return distributions. Consequently, optimal shrinkage intensities for the third-order moment tensor tend to be significantly higher than those observed for second-and fourth-order moment tensors. Next, we follow related literature [cf. Jagannathan and Ma (2003) or Chan, Karceski, and Lakonishok (1999) ] by performing an empirical analysis of the competing estimators, using rolling window optimizations in a buy-andhold framework. Portfolios built on structured or shrinkage estimators are found to outperform portfolios built on sample estimators in terms of out-of-sample expected utility. The monetary utility gain ranges between 100 and 500 basis points per year depending on the parameter values.
Monetary utility gains increase with the portfolio size and the level of risk aversion, and decrease with the size of the rolling estimation window. Finally, we find substantial reductions of turnover 25 11 -To confirm this finding, we have extended to the context of higher-order moment tensors the formal cut-off point analysis of Jagannathan and Ma (2003), which aims at estimating the sample size needed for specification error and estimation error to even out. Our results, which are omitted for the sake of brevity and may be obtained from the authors upon request, indicate that a successful attempt at implementing higher-order moment portfolio selection can be achieved for a smaller sample size when improved estimators are used, compared to a situation where na¨ıve sample estimators are used. 12 -We would like to thank the referee for this observation.
rates when using improved estimators, as compared to sample estimators. We argue that this result confirms the superior estimation quality associated to improved estimators.
In general, the single-factor approach and the estimator shrunk towards the single-factor estimator outperform their constant correlation counterparts, which likely involve higher specification error. Overall, our results suggest that when an investor's objective incorporates higher-order moments, improved estimators generate significant welfare gains in an out-ofsample context, a result that extends previous similar findings about the covariance matrix.
moment tensor matrix and the corresponding sample estimate. We set: 
